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Predicting water’s phase diagram and liquid-state anomalies
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Water expands upon freezing, has minima in its volume, heat capacity, and isothermal
compressibility with temperature, and shows signs of a first-order phase transition when
supercooled. We present an analytical molecular theory that can account for these behaviors. It
suggests that local network formation and hydrogen-bonding cooperativity between triplets of
neighboring molecules are keys to understanding water’s thermodynamics. ©2002 American
Institute of Physics.@DOI: 10.1063/1.1505438#
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INTRODUCTION

Simple analytical models—the ideal gas, the van
Waals ~vdW! fluid, the Einstein crystal—have considerab
advanced our understanding of materials. The role of ana
cal models is different from, and complementary to, that
detailed molecular simulations. Simulations are virtual e
periments. However, they are limited, even with the fast
computers, to exploring relatively short time and leng
scales. Analytical models are typically simpler and more
proximate, but they can give direct insights into how ma
rial properties arise from microscopic interactions. Mo
over, analytical models can often treat a broad range
conditions, reveal trends and universal principles~e.g., the
law of corresponding states!, suggest functional relations fo
engineering applications, and motivate experiments. In
Communication, we develop an analytical model for wate

One of the most basic theories for simple molecular a
colloidal fluids is the vdW model. It shows how such sy
tems can be qualitatively understood by considering t
competing tendencies. Intermolecular attractions favor c
densed states at low temperatures~where energy dominates!,
while expanded vapor states prevail at high temperatu
~where entropy dominates!. However, this description is no
adequate for water.1 Water molecules form hydrogen bond
~h-bonds! that are both directional and ‘‘cooperative;’’2–5

i.e., the strength of an h-bond depends on the bonding s
of neighboring molecules. For example, when an h-bo
forms between two water molecules, their charge distri
tions change so as to strengthen an h-bond with a third w
Water’s h-bonding results in chains and open network
structural features that are thought to be principal com
nents of its anomalous behavior,6–8 including the liquid’s
distinctive minima in volume, isothermal compressibilit
and isobaric heat capacity at 4, 46.5 and 36 °C, respectiv

Recent theoretical treatments9,10 have extended the vdW
model to incorporate hydrogen-bonding interactions. Th
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models are able to reproduce many of liquid water’s disti
tive properties. However they do not account for wate
solid ‘‘ice’’ phases, and they are not designed to predict
h-bond structures present in the liquid phase. Here we
velop a statistical mechanical model that gives simple
sights into water’s h-bond structures, its thermodynam
anomalies, and its phase diagram. The model incorporate
the level of triplets of neighboring molecules, two key effec
of h-bonding in water:~1! the energetic preference for ope
h-bond structures and~2! the cooperativity of h-bond inter
actions.

THE MODEL

Our model bears structural resemblance to the Merce
Benz~MB! model,11 which shows12 many of water’s peculiar
physical properties. However, the energetics of the two m
els are somewhat different. We considerN water molecules,
each of which is modeled as a two-dimensional~2D! disk of
diameterd. Each water has three identical bonding arms
ranged as in the MB logo~see Fig. 1!. We focus on triplets of
molecules~labeled A, B, and C in Fig. 1!. In the vapor and
liquid phases, each triplet can fluctuate between three st
The lowest energy state represents the cooperativecagelike
structures found in ice.12 This state has energyu1(f)
52eHB1kSf2, where2eHB is an h-bond energy constan
kS is the vibrational spring constant of the h-bond, andf is
the angle shown in Fig. 1. This term implies h-bond coop
ativity because the strength of the interaction between m
ecules B and C depends on the bonding angle with A. T
2D ‘‘volume’’ 13 of the perfectly bonded cagelike state
v153)d2/4. The next higher energy level is adensestate
with three vdW contacts, where B’s h-bonds with A and
are broken. Its energy isu252ed , whereed is a constant,
and its local volume isv25(21))d2/4. The highest energy
level is an expandedstate with neither h-bonds nor vdW
contacts. Its energy isu350 and its local volume is
assumed14 to be that of an excluded-volume gasv3

5(bP)211v2 , whereb5(kBT)21, kB is Boltzmann’s con-
stant, T is temperature, andP is pressure. To account fo

ity
1 © 2002 American Institute of Physics
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interactions beyond the triplet level, we include a global
tractive energy2Na/v, wherea is the vdW dispersion pa
rameter andv is the average molar volume.14,15

The isothermal–isobaric~constantN, T, andP! partition
function for molecule B can be expressed as14

Dcell5c~b!N(
j 51

3 E E dx dyE df exp~2b@uj1Pv j # !, ~1!

where the sum is over the three possible states of the tr
cell ~see Fig. 1!, x andy are the coordinates of molecule B
and c(b) results from integrating over the momenta. T
factor N in Eq. ~1! accounts for the fact that each of theN
molecules can be the central molecule~B! of a cell. The
partition function for the system ofN moleculesD is ob-
tained by substituting Eq.~1! into D5Dcell

N /N!, integrating
over the allowed values ofx, y, and f, and applying
Stirling’s approximationN! .(N/e)N, to get

D5S (
j 51

3

D j D N

. ~2!

Here D j5gj exp@2b(^uj&1Pvj)#, where^uj& is the average
energy of triplet statej,

^u1&52eHB1
1

2b
2

AkSp/b exp~2bkSp2/9!

3 erf~AbkSp2/9!
,

^u2&52ed , ~3!

^u3&50,

FIG. 1. Molecular triplets~in order of increasing energy!: ~1! cagelike, ~2!
dense, and~3! expanded. Volumesv j ( j 51,2,3) are computed using house
shaped cells~Ref. 14! ~shaded! that contain sectors of molecules A, B, an
C. The sectors sum topd2/4; i.e., one total molecule per cell. As in trad
tional cell theories~Ref. 16!, we account for the degrees of freedom
central molecule B as it moves within the constraints of its cell. In
cagelike state, B remains in contact with A and C. B maintains a per
h-bond with C, but the A–B bond bends as B rotates. In the dense stat
B, and C are in mutual contact, and B’s orientation is not constrained
bonds. The expanded state has neither h-bonds nor vdW contacts. B’
entationf is measured with respect to the axis connecting the centers
and B.
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and thegj ’s are densities of states.

g152pd2c~b!e
erf~AbkSp2/9!

AbkSp

3expS 1

2
2

AbkSp exp~2bkSp2/9!

3 erf~AbkSp2/9!
D ,

g252pd2c~b!e, ~4!

g35
2pc~b!e

bP
.

A derivation and a discussion of the approximations ass
ated with Eqs.~1!–~4! are given in Ref. 14.

This model provides a highly simplified picture of wa
ter’s hydrogen bonds, vdW attractions, and steric repulsio
Its main limitations are~1! the 2D geometry of the mode
does not accurately reflect water’s molecular details and~2!
the partition function does not account for correlations b
tween neighboring triplet cells—an approximation that m
not be accurate at low temperatures. The model’s stren
include its simple analytical form and its ability to provid
insights into a broad range of experimentally observed th
modynamic and structural properties of pure water.

THERMODYNAMIC ANOMALIES

The liquid and vapor properties of the model can
computed fromD using standard thermodynamic relatio
ships. For example, the chemical potential is given
m(b,P)52(bN)21 ln D and the molar volume~i.e., the
equation of state! is given by v(b,P)5(]m/]P)b .16,17 In
contrast to molecular simulations using microscopically d
tailed potentials, thermodynamic properties of the pres
model can be calculated in a few seconds on a personal c
puter.

Figure 2 compares the predicted and experimental18 be-
havior of the reduced volumev r , thermal expansion coeffi
cient aP* , isothermal compressibilitykT* , and heat capacity
cP . The theory captures water’s distinctive anomalies: mi
mum in v r , expansion upon cooling (aP* ,0), and minima
in both kT* andcP .

HYDROGEN-BOND STRUCTURES

To understand the structural basis for these thermo
namic properties, we studied the populationsf j

5D j /((k51
3 Dk) of the three different states that triplets

neighboring molecules can exhibit@see Fig. 3~a!#. The popu-
lations show that the molecules in the supercooled liquid
in predominantly h-bonded, cagelike configurations. As
liquid is heated, h-bonds break and the cagelike structu
collapse into denser states of higher enthalpy. This colla
underlies the supercooled liquid’s negative thermal exp
sion coefficient (aP* ,0) and its large heat capacity. Apply
ing pressure to the supercooled liquid shifts the cell popu
tion from open cagelike to dense structures. This explains
large isothermal compressibility in supercooled water. He
ing warm water breaks the vdW contacts of the dense sta
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causing it to have positive thermal expansivity (aP* .0). The
theory correctly predicts that water’s anomalies shown
Fig. 2 are suppressed at high pressure,14 a result that is
readily interpreted by Le Chatelier’s principle: Compress
shifts the equilibrium liquid structure away from the hig
volume cagelike structures~characteristic of water! to the
low-volume dense structures~characteristic of simpler
liquids!.

The populations shown in Fig. 3~a! are qualitatively
similar to water’s h-bond populations as deduced from
spectroscopic data.3 Based on an analysis of OH stretchin
bands, Luck3 has identified three distinct types of OH stat
in the liquid ~listed in order of increasing energy!: strongly
cooperative h-bonded, weakly cooperative h-bonded,
nonbonded. These states are analogous to our model’s c
like, dense, and expanded energy levels, respectively. Fi
3~b! shows the effect of temperature on water’s h-bond po
lations. Strongly cooperative h-bonds are prevalent in c
water. Heating melts the strongly cooperative structures
weakly cooperative and nonbonded states at intermed
temperatures. Finally, the weakly cooperative h-bonds br
to form nonbonded states as the liquid approaches the cri
point. A comparison of Figs. 3~a! and 3~b! shows that the
present model captures these experimental observations

The results of Fig. 3~a! are also consistent with theab
initio molecular cluster populations predicted by Weinhol
quantum cluster equilibrium~QCE! theory4 for water.5 In
zeroth-order QCE theory, strongly cooperative cyclic clust
prevail at low temperatures, smaller and less coopera
structures emerge at intermediate temperatures, and

FIG. 2. Properties of the liquid at atmospheric pressure:~left! model and
~right! experiments~Ref. 18!. Unbroken curves represent the stable liqu
and crystalline phases, and dashed curves represent the supercooled
Discontinuities occur at the freezing point. The properties are volumev r ,
thermal expansion coefficientaP* , isothermal compressibilitykT* , and iso-
baric heat capacitycP /kB . Comparison with experiments requires reduc
variables: Tr5T/TC , Pr5P/PC , v r5v/vC , kT* 52(] ln vr /]Pr)Tr

, and

aP* 5(] ln vr /]Tr)Pr
. SubscriptC denotes the value at the liquid–vapor crit

cal point. In this representation, the predictions depend on three param
which we choose to bea/(eHBd2)50.295, ed /eHB50.15, andkS /eHB

5105. The model’s ‘‘atmospheric’’ pressure isPr50.1627, where it exhibits
freezing and boiling temperatures ofTr50.4255 andTr50.5804~see Fig.
4!, approximating water’s normal freezing and boiling temperatures ofTr

50.422 and 0.577, respectively.
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bonded monomers dominate at high temperatures~see, e.g.,
Fig. 3 in Ref. 5!.

PHASE DIAGRAM

To study water’s phase behavior, we also modeled t
crystalline forms: a low-pressure~LP! and a high-pressure
~HP! ice. LP ice is an open cagelike solid that has been fou
in simulations12 of the MB model at lowP andT. The struc-
ture of HP ice is identical to that of LP ice, except that the
is an additional water molecule in the center of each op
cage~see Fig. 4!. In other words, HP ice is a self-clathrate.19

Although these two solids do not exhaust the possible c
tals for this model, we have not yet found other stable form
We treat the model ices via a cell theory approach16 in which
each solid is composed ofN identical and independent cell
~see Fig. 4!. We assume that the solids are incompressi
and obtain analytical expressions14 for the chemical poten-
tials of the two ice formsmLP(b,P) andmHP(b,P), respec-
tively. Their molar volumes arevLP53)d2/4 and vHP

5)d2/2. To compute the various phase boundaries, we
equal the chemical potentials of competing phases@e.g.,
m(b,P)5mHP(b,P) yields the melting curve of HP ice#.

uid.

rs,

FIG. 3. ~a! Triplet populationsf j vs temperatureTr for the model liquid at
atmospheric pressure. The vertical lines that bound the stable liquid ind
the freezing and boiling points~see Fig. 4!. Parameters are given in Fig. 2
~b! Populations of OH states vs temperatureTr along water’s saturation
curve as determined from IR spectra~adapted from Fig. 5 of Ref. 3!. Curves
are guides to the eye.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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Figure 4 shows the model phase diagram for water, co
pared to experiments. The model predicts a boiling transi
that terminates in a critical point, and freezing transitions
LP ice and HP ice at low and high pressure, respectively.20 In
agreement with experiments, LP ice has a negatively slo
melting curve~it contracts upon melting!, and HP ice has a
positively sloped melting curve~it expands upon melting!.
The two ice forms are separated by a first-order phase t
sition. The theoretical melting and boiling curves are sho
to converge to a triple point, below which only the vapor
solid states are thermodynamically stable. In agreement
the phase diagram of water, the triple-point temperatur
roughly 42% of the vapor–liquid critical temperature.

One additional prediction is interesting. Experimen
show that glassy water exhibits an apparent ‘‘first-orde
transformation between its low-density and high-dens
forms.8,21 An insightful conjecture22 ~yet to be experimen-
tally verified7,8! is that this transformation reflects an unde
lying first-order liquid–liquid transition in supercooled wa
ter. Consistent with this hypothesis, the present mo
predicts a low-temperature transition between two sup
cooled liquid phases. Analysis of the local triplet populatio
f j along this coexistence curve reveals that, in analogy w
water’s experimental glasses,8,21 the predicted liquid–liquid
transition is between an open h-bonded fluid and a den
packed fluid.

CONCLUDING REMARKS

We present an analytical model that describes water
distribution of three types of microscopic states of molecu
triplets: dense and expanded structures~characteristic of
simple fluids! and cagelike structures~characteristic of wa-

FIG. 4. Phase diagram of the model~top! compared to experiments~bottom!
in pressurePr vs temperatureTr . Unbroken curves are phase boundaries
the transitions discussed in the text. Dashed curves locate the meta
liquid–liquid ~L–L! transition in the theory and a schematic of its propos
location in water~see Ref. 8!. LP ice consists of open cages in which ea
molecule bonds to three neighbors. HP ice is identical to LP ice, except
it has an additional molecule in the center of each cage. For clarity,
solid–solid transitions in the experimental phase diagram of water are o
ted. Parameters are given in Fig. 2.
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ter!. It explains many of water’s thermodynamic and stru
tural anomalies by the temperature- and pressure-depen
populations of these states. Its qualitative agreement w
experiments suggests that accounting for molecular detai
long-range electrostatic interactions, polarity, and thr
dimensional tetrahedral structure~none of which are treated
here!—is less important than treating the balance betwe
localized h-bonding and vdW interactions for capturing pu
water’s distinctive thermal signatures.
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