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Does confining the hard-sphere fluid between hard walls change

its average properties?
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We use grand canonical transition-matrix Monte Carlo and discontinuous molecular dynamics
simulations to generate precise thermodynamic and kinetic data for the equilibrium hard-sphere
fluid confined between smooth hard walls. These simulations show that the pronounced
inhomogeneous structuring of the fluid normal to the confining walls, often the primary focus of
density functional theory studies, has a negligible effect on many of its average properties over a
surprisingly broad range of conditions. We present one consequence of this insensitivity to
confinement: a simple analytical equation relating the average density of the confined fluid to that
of the bulk fluid with equal activity. Nontrivial implications of confinement for average fluid
properties do emerge in this system, but only when the fluid is both (i) dense and (ii) confined to a
gap smaller than approximately three particle diameters. For this limited set of conditions, we find
that “in-phase” oscillatory deviations in excess entropy and self-diffusivity (relative to the behavior
of the bulk fluid at the same average density) occur as a function of gap size. These paired
thermodynamic/kinetic deviations from bulk behavior appear to reflect the geometric packing
frustration that arises when the confined space cannot naturally accommodate an integer number of

particle layers. © 2007 American Institute of Physics. [DOI: 10.1063/1.2748045]

I. INTRODUCTION

Confined fluids play an important role in a host of sci-
entific phenomena and technological applications. Examples
range from the aqueous fluids that fill the cytostructures of
biological cells to the solvents that facilitate the operation of
nano- and microfluidic devices, membranes for separations,
and porous catalytic materials. In many of these systems,
confinement significantly modifies the thermodynamic and
kinetic behavior of the fluid relative to the bulk phase. Such
modifications are generally attributed to the collective effects
of the size and shape of the confined space and the interac-
tions of the fluid with the confining surfaces. However, iso-
lating the individual contributions of these various factors for
study can be a daunting experimental task.

Given this difficulty, one alternative approach has been
to explore the behavior of simplified models that allow one
to examine the implications of confinement in the absence of
the complicating details that are present in experimental sys-
tems. Along these lines, a commonly investigated model is
the equilibrium, monatomic hard-sphere (HS) fluid confined
between smooth and parallel hard walls. This is arguably the
most basic model that can capture the main entropic packing
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effects associated with fluids in confined spaces. Its charac-
teristic inhomogeneous density profile (normal to the confin-
ing walls), which has been a primary focus of previous in-
vestigations, is now qualitatively understood.’ Unfortunately,
despite progress in elucidating some of the other properties
of this system,l’1 a comprehensive picture for precisely how
confinement modifies the average thermodynamic and ki-
netic behavior of the equilibrium HS fluid has yet to emerge.

One of the most basic hurdles in constructing this picture
has been the lack of accurate molecular simulation data for
the average properties of the confined HS fluid, a fact that
may seem surprising given the apparent simplicity of the
model. Ironically, the model’s simplicity has indirectly con-
tributed to the lack of simulation data because it has allowed
the system to be readily studied by approximate theories
instead,'*" which are appealing because they are physically
insightful and require only modest computational resources.
However, the development of efficient algorithms for inves-
tigating systems with discontinuous potentials and the avail-
ability of fast computers have now made it feasible to use
molecular simulation to fully characterize the behavior of
this model with both accuracy and precision. One aim of the
present study is to leverage these simulation resources to
take an important step toward completing this characteriza-
tion.

The data that we present here provide some insights into
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an important, but still poorly understood, conceptual point
concerning this model. Specifically, it has not been entirely
clear how one should compare the confined fluid to the bulk
fluid in order to elucidate the main effects of confinement.
One obvious possibility is to compare the two systems under
conditions where they exhibit equal “average” density. The
argument for choosing this basis of comparison is straight-
forward. Packing effects dominate the behavior of athermal
systems, and average density is an important factor in deter-
mining how the particles pack. Moreover, if one controls for
average density in making the comparison, then one can
hope to isolate more subtle effects due to, e.g., the finite size
of the confined system (in one direction) and the shape of the
density profile (i.e., the “layering”). Another possibility is to
compare the two systems at equal activity, where the bulk
and pore fluids exhibit different average densities. The ad-
vantage in doing so is also obvious. Equality of activity is a
relevant experimental constraint on the chemical equilibrium
that is established between the bulk and pore fluids.

The complication in comparing the two systems at the
same density is that there are two different definitions for
average density that are commonly invoked: p=N¢>/V and
p,=Na>/V,. Here, N refers to the number of particles and o
is the particle diameter. The difference between the two is
that V=AH is the total volume of the confined fluid (i.e., A is
the area of a wall in contact with the fluid, and H is the
distance from “wall surface to wall surface”), while V,=Ah
is the smaller volume accessible to the particle centers (i.e.,
h=H-o0). While densities based on these two definitions
converge in the limit H— oo, they can be quite different for
severely confined fluids. We are not aware of any systematic
comparisons of how the thermodynamic properties of this
system depend on p and p;, respectively.

However, even in the absence of such comparitive stud-
ies, it is easy to imagine that one might indeed arrive at
qualitatively different conclusions about the implications of
confinement depending on whether p or p, is chosen as the
basis for comparison. To appreciate this point, consider that
p;, diverges in the limit where the gap size H is reduced, at
fixed N/A, to the size of one particle diameter o (i.e., the
two-dimensional fluid limit), whereas p and many other fluid
properties of interest remain finite. This type of consideration
alone hints that p might be the more suitable density variable
of the two for making comparisons to the bulk fluid, and
indeed p naturally emerges in the thermodynamic analysis of
confined HS fluids.™®

More concrete evidence supporting the use of p rather
than p, for comparing confined and bulk fluids comes from
studies of transport properties. Specifically, it has recently
been demonstrated via molecular simulation’ that the self-
diffusivity of the confined HS fluid parallel to the confining
walls, over a broad range of equilibrium conditions, is very
similar to the diffusion coefficient of the bulk HS fluid if the
two systems are compared at the same value of p. In other
words, the specific details of the inhomogeneous packing
structures have only minor influence on the average single-
particle dynamics of the confined fluid, as long as one con-
trols for the average overall density p. Alternatively, if one
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instead compares the behaviors of the bulk and confined sys-
tems at equal values of p;, one arrives at the conclusion that
confining a HS fluid between hard walls has the effect of
significantly speeding up its dynamics. This latter artificial
conclusion is related to the fact that N/A must vanish if p, is
to remain constant in the limit H — o. As a result, even if the
numerical value of p, is chosen to be indicative of a dense
bulk fluid, the actual average interparticle separation and par-
ticle mobility in the lateral direction will generally be very
large (e.g., comparable to a dilute gas) when the fluid is
confined to small enough H.

In this paper, we follow up on some of these initial ob-
servations by presenting a more comprehensive study of how
fluid density and confinement (between hard walls) affect the
thermodynamic and kinetic properties of the HS fluid. We
broadly focus our investigation on four main questions. The
first pertains to the equation of state of the confined fluid
(i.e., how the average transverse and normal components of
its pressure tensor vary with average density). Specifically,
we are interested in how the behaviors of these pressure
components depend on the volume definition invoked, i.e., V
vs V,,. Does the use of either definition produce relationships
similar to the equation of state of the bulk HS fluid? Second,
what are the effects of confinement and average density on
the transverse self-diffusivity of fluids confined to pores nar-
rower than those previously examined’ (i.e., H<3.50)?
Third, how do the behaviors of the confined and bulk HS
fluid systems compare under conditions of equal activity as
opposed to equal density? Finally, does the robust relation-
ship between excess entropy s (relative to ideal gas) and
self-diffusivity D, previously discovered for fluids confined
to gap sizes larger than H=3.50 in this system,7 continue to
hold for very narrow pores (H<3.50)? By addressing these
four questions, we can make significant headway not only in
indentifying the regions in the H-p and H-¢ planes of param-
eter space where the confined HS system significantly devi-
ates from the bulk HS fluid, but also in probing the micro-
scopic mechanisms for such deviations.

Il. SIMULATION METHODS

To explore these issues, we have calculated the thermo-
dynamic properties of confined and bulk HS fluids using
grand canonical transition-matrix Monte Carlo (GC-TMMC)
simulations,'*'* and we have tracked their single-particle dy-
namics via discontinuous molecular dynamics (DMD)
simulations.'® To simplify the notation in this article, we
have implicitly nondimensionalized all quantities by appro-
priate combinations of a characteristic length scale (which
we take to be the HS particle diameter o) and time scale
(which we choose to be oVmf, where m is particle mass,
B=[kgT]™", k is the Boltzmann constant, and T is tempera-
ture). As a result, all quantities with dimensions of energy are
understood to be “per kzT,” the only energy scale in the
problem.

The DMD simulations each involved N=1500 identical
HS particles. For the bulk fluid, the particle centers were
contained within a cubic simulation cell of V,=N/p,,
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and periodic boundary conditions were applied in all three
directions. For the confined fluid, particle centers were con-
tained within a rectangular parallelepiped simulation cell of
Vi,=h.hh,, where h,=H-1 and h,=h,=[N/(h.p,)]"2. Peri-
odic boundary conditions were applied in the x and y direc-
tions and perfectly reflecting, smooth hard walls were placed
so that particle centers were trapped in the region 0 <z <<h,.
The self-diffusivity D of the fluid was obtained by fitting the
long-time (7> 1) behavior of the average mean-squared dis-
placement of the particles to the Einstein relation <Ar§>
=2dDt, where Arf, corresponds to the mean-square displace-
ment per particle in the d periodic directions (d=2,3 for the
confined and bulk fluid, respectively). To verify that system-
size effects in the periodic directions on D were insignificant,
we checked if our calculated values for D for several state
points compared favorably with those we obtained using ei-
ther N=3000 or N=4500 particles.

The GC-TMMC simulations each utilized a simulation
cell of size V;,=1000. For the bulk fluid, the cell was cubic
with hx:hyth:IO. For the confined fluid, the cell was a
rec’tangular parallelepiped with h,=H-1 and h,=h,
=v1000/h,. GC-TMMC simulations require a specified
value for the activity & (Ref. 17) (i.e., N is allowed to fluc-
tuate), and we set £=1 in all cases. The key quantities that
we extracted from the simulations were the normalized total
particle number probability distribution II(N) and the
N-specific spatial density distribution p(N,r), both evaluated
over a range of particle numbers spanning from N=0 to N
=984. Thermodynamic properties at other values of activity
¢ were readily obtained via the histogram reweighting
technique'® to shift the original IT(N) distribution to one rep-
resentative of the particle numbers visited at the selected &.
We found that we obtained statistically indistinguishable re-
sults for systems with V;, =500, indicating again that notice-
able artifacts associated with system size were not present.

By employing basic arguments from statistical
mechanics, *~ one can use the equilibrium information from
GC-TMMC simulations to compute thermodynamic proper-
ties of interest. Specifically, the grand potential {)} can be
calculated directly from the normalized particle number
distribution, 19,20

Q=1In11(0). (1)

For the bulk HS fluid, we also have V=V,, and thus p
=3 yNII(N)/V=p,. Moreover, the pressure of the bulk fluid
P is equal to the negative of the grand potential density, P
=—()/V. On the other hand, for the HS fluid confined be-
tween hard walls, we have V=V,/(1-H™!), and thus p
=S yNII(N)/V=(1-H")p,. In this case, negative grand po-
tential density —()/V represents an average transverse pres-
sure acting parallel to the confining walls.”! In the reduced
units adopted here, the component of the pressure tensor act-
ing normal to the walls is equal to the local fluid density in
contact with a hard wall, P(N)=p(N,z=0.5)=p(N,z=H
—0.5), a consequence of an exact statistical mechanical sum
rule for this system.22 Finally, the molar excess entropy s
=S/N is determined using the following expression:7’23
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S(N) = In[II(N)/TI(0)] = N In £+ In N! = NIn N

+fp(N,r)1n p(N,r)dr. (2)

Below, we describe how the above methods were employed
in this study to characterize the behaviors of the confined and
bulk HS fluids.

lll. RESULTS AND DISCUSSION
A. Volume definition and the equation of state

One of the most practically important and well-
understood properties of the bulk, equilibrium HS fluid is its
equation of state P(p), which quantifies how its pressure var-
ies with density. For densities below the freezing transition
(p=0.943), this relationship is accurately described by the
semiempirical Carnahan-Starling equation P(p)= Pcs(p)
=p(1+ ¢+ d*— )/ (1-p)*,** where p=mp/6 is the packing
fraction of the spheres.

Much less is known about the global behavior of the
pressure tensor for the HS fluid confined between smooth
hard walls. One obvious question is, do the relationships
between the transverse and normal components of the pres-
sure tensor and average density (defined as either p or p,)
show quantitative similarities to the equation of state of the
bulk fluid? Although the inhomogeneous structuring of the
fluid might be expected to give rise to some nontrivial de-
viations from bulk fluid behavior, the main qualitative trends
should be the same: compressing the fluid increases the in-
terparticle collision rate and, consequently, the individual
components of the pressure tensor.

In Fig. 1, we compare the bulk fluid equation of state to
our GC-TMMC simulation data for the average transverse
and normal components of the pressure tensor. We focus here
on confined fluids with H=3.5, 6, 8.5, and 16. In top panels
(a) and (b), negative grand potential density is plotted versus
average density, adopting the V, (center accessible) and V
(total) volume conventions, respectively. The density depen-
dencies of P, are similarly displayed in panels (c) and (d).
Focusing on plots (a) and (c), one finds a family of curves for
—Q/V, and P, that are qualitatively similar to the bulk fluid
behavior, with the main difference being that systems with
smaller H have weaker p, dependencies (higher apparent
compressibilities). This difference appears logically consis-
tent with the earlier observation’ that confined HS fluids also
have faster single-particle dynamics as compared to the cor-
responding bulk fluid with the same p,,.

Interestingly, the corresponding quantities plotted in (b)
and (d) using the total volume V convention approximately
collapse onto a single curve. This means that the p depen-
dencies of both —(}/V and P, for each value of H investi-
gated, can approximately be described by the equation of
state of the bulk fluid P(p). This trend also appears consis-
tent with the approximate collapse of self-diffusivities for
confined HS fluids onto the bulk behavior when plotted to-
gether on a single graph versus p. Although there are clearly
some quantitative deviations from bulk behavior for the

Downloaded 27 Jun 2007 to 128.83.162.199. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



244708-4 Mittal, Errington, and Truskett
— Bul
- H= 165
- H=8.
i 10f Tl - H=6 1
a ,’ - H=35
N I
> /
. 5h ’ff T &
(a) (b)
0 I f I I f I
10f I—— g
/1
Q.‘N
5* - -
© ()
%03 0.6 090 03 0.6 09
P, p

FIG. 1. (Color online) Equation of state of a confined HS fluid between hard
walls separated by center-accessible distance H—1. Top panels show the
negative of the grand potential density (average transverse pressure) versus
average fluid density calculated using (a) the center-accessible volume V,
and (b) the total volume V. Bottom panels illustrate the normal pressure
versus average density calculated using (c) the center-accessible volume V),
and (d) the total volume V.

smallest pores in panels (b) and (d) of Fig. 1, we found that
the following simple relationship can describe the p depen-
dence of the grand potential density to within at least 25%
for H=3.5:

Q(p,H)/V = - Pcs(p). 3)

We will use this approximate relationship below to help con-
struct an analytical model for predicting the excess adsorp-
tion of fluid in a model slit pore.

B. Interfacial free energy and excess adsorption

Given the approximate collapse of the thermodynamic
data for the confined HS fluid when plotted against average
density p, it is natural to ask whether there is a connection to
the behavior of the interfacial free energy and the surface
excess adsorption of the fluid at a single hard wall.

The interfacial free energy of the HS fluid near a hard
wall is defined as the excess grand potential of the fluid
(relative to bulk) per unit fluid-wall contact area. Similar to
average density, its numerical value depends on the arbitrary
choice of dividing surface,”° although different choices
provide equivalent thermodynamic descriptions of the sys-
tem if applied self-consistently. If one chooses the plane of
closest approach of the particle centers to the wall as the
dividing surface, then the following expression yields the
interfacial free energy:

J. Chem. Phys. 126, 244708 (2007)

Pb] (H-1) W

) .{Qmm
=lim|——+ y

Vi v,

H—x

where P,, is the pressure of the bulk fluid in equilibrium with
the pore fluid. Stated differently, p of the pore fluid is deter-
mined by H and the requirement that it adopts the same
activity ¢ as the bulk HS fluid of pressure P,. There is an
accurate approximate equation due to Henderson and
Plischke”’ for predicting how 7, depends on the packing
fraction of the bulk fluid ¢,=7p,/6,

9,1 +(4435) ¢, — (4/5) 3]
27" (1- )’
If one instead chooses the physical surface of the wall to

be the dividing surface, then a slightly different equation
emerges:

(5)

OC~
Yo = —

Q(p,H) ]H
F=lim|———+P, | — 6
Y Hlfi{ v b5 (6)
:'}/}T'FP},/Z. (7)

Substituting the Carnahan-Starling equation of state for P,
and Eq. (5) for v, into Eq. (7) results in the following ana-
lytical estimate for y*:

L3 [1=(1/2)¢, = (3135 ¢y + (1/5) ] ®
i (1= |

Given that we have already observed that other properties of
the confined HS fluid approximately collapse when plotted
versus p (based on total volume V), we choose to focus our
attention from this point forward on y”, the interfacial free
energy that is also based on V.

As we demonstrated in the previous section, one can
readily determine the quantities on the right-hand side of Eq.
(6) for finite values of H using GC-TMMC simulations. As a
result, these simulations might also provide a reasonably ac-
curate means for estimating y”, assuming that H can be cho-
sen large enough so that the perturbations to the fluid caused
by the two confining walls do not significantly interfere with
one another (i.e., so that the so-called “finite-size” or frustra-
tion effects of confinement do not occur). Although, it is not
clear a priori how large H must be to achieve this, one might
reasonably expect that the pore would need to be at least
several particle diameters in width.

As a test of this idea, we present in Fig. 2 the values of
the quantity [Q(p,H)/V+P,](H/2) calculated from our GC-
TMMC simulations for various H along with the single-wall
quantity y* of Eq. (8), which is the H— o limit. All data are
plotted as a function of bulk packing fraction ¢,. Interest-
ingly, the plot reveals that the simulated curves for H=3.5
all collapse, to within an excellent approximation, onto that
for y”. In other words,

Q(p,H H
v%{ ("V )+Pb}5, 9)

independent of H for H=3.5. This implies that the single-
wall behavior such as 7y* can be estimated with great
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FIG. 2. (Color online) The quantity (H/2)[2/V+P,] calculated from our
GC-TMMC simulations for various H along with the H— ¢ limit, y”, com-
puted using Eq. (8). Data are plotted as a function of ¢, the packing frac-
tion of the bulk HS fluid that is in equilibrium with the pore fluid.

accuracy in this system from a simulated slit pore of width
H=3.5, which can only accommodate a fluid film three par-
ticle layers thick. This result, while very robust, is somewhat
surprising because the single-wall density profiles decay
slowly enough to expect appreciable interference or frustra-
tion effects at pore sizes as small as H=3.5. However, simi-
lar to the picture that emerged from the behavior of the equa-
tion of state in the previous section, any interference that
does occur apparently cancels in determining the average
properties of the confined HS fluid, which remain remark-
ably “bulklike” even for these very thin films.

So, when do interference effects due to packing frustra-
tion of the wall-induced particle layers begin to occur? We
can probe this issue by taking the analysis one step further.
Specifically, if one uses Eq. (3) to substitute for Q(p,H)/V in
Eq. (9), differentiates both sides of Eq. (9) with repect to
chemical potential, and invokes the Gibbs adsorption equa-
tion dy”/du=-1"", then upon rearranging one arrives at the
following simple equation for predicting the pore density p:

21

pP=ppt (10)
The quantity I'” is the standard surface excess density for a
HS fluid next a to single hard wall, and, within the above
approximations, it is given by

r*=_ 3,1 +al¢h+az¢i+a3¢2+a4¢i]
7(1+4¢,+ 4, - 44+ 4)

where a;=1, a,=-221/70, a3=4/5, and a,=-1/5.

Figure 3 shows the predictions of the simple analytical
model of Egs. (10) and (11) compared to the simulated pore
density p as a function of H. From the plot, it is evident that
the average pore density can be predicted based on knowl-
edge of only the single-wall surface excess I'* unless the
fluid is both dense and confined to pores narrower than ap-
proximately three particle diameters. Under those restrictive
conditions, the single-wall model misses the emergence of
oscillations in the pore density. These oscillations cannot be
solely attributed to single-wall layering in the density profile
because pronounced layering also occurs for dense fluids
with H>3, where the analytical model is still very accurate.
Rather, the oscillations must be due to packing frustration

; (11)
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2 4 6 8 10

FIG. 3. (Color online) Pore fluid density p as a function of pore width H at
different values of activity [In £=0.4, 4.4, and 8.8]. Filled symbols and solid
lines correspond to the GC-TMMC data and the predictions of Eq. (10),
respectively. The dashed lines correspond to the bulk density p, for a given
activity &

associated with the interference of the layers emerging from
the two confining walls, which apparently becomes signifi-
cant in this system only for very narrow pores and high fluid
density.

C. Comparing bulk and pore fluid self-diffusivities

The last two sections demonstrated that some of the av-
erage thermodynamic properties of the confined HS fluid are
very similar to those of the bulk fluid if the two systems are
compared at equal values of the average density p (based on
the total system volume). Deviations occur only when the
fluid is both dense and confined to pores narrower than ap-
proximately three particle diameters. In a previous study,7 we
have also shown that the self-diffusivity D of the confined
HS fluid is approximately equal to that of the bulk fluid with
the same p for H>3.5 over a fairly broad range of p. Here,
we carefully investigate the H dependency of pore self-
diffusivity at constant p for narrow pores, with a focus on
understanding when packing frustration causes the correla-
tion between D and p to break down. We also investigate the
H dependency of D for the confined fluid under the con-
straint of constant imposed activity & We find that this latter
behavior can be essentially predicted in advance, given the
known connection between D and p (Ref. 7) and the ability
to predict p from & and H discussed in the previous section.

We begin here by examining how H affects D at constant
p using the DMD simulations described earlier. Specifically,
we plot in Fig. 4 the self-diffusivity D of the bulk and con-
fined HS fluid for H=2-5 and various pore packing fractions
(p=mp/6=0.15, 0.30, 0.40, and 0.45). What is plainly evi-
dent is that up to fairly dense packing fractions (¢<<0.40),
the D of the confined fluid shows no significant deviations
from bulk behavior (dashed line) even when in very restric-
tive pores (e.g., H=2). In fact, quantitative deviations are
prominent (>25%) only in the high density (¢=0.4) and
small pore (H<3) limit. Note that an equilibrium fluid at
¢=0.45 cannot be accessed over the full H range because the
system penetrates into the fluid-solid coexistence region or
the solid phase region on its phase diagram.2
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FIG. 4. (Color online) Self-diffusivity D as a function of pore width H at
different pore fluid packing fractions ¢. For ¢=0.45, crosses mark regions
for which the confined system penetrates into the fluid-solid coexistence
region or the solid phase region on its equilibrium phase diagram. (Ref. 2.)

To gain a more physical understanding of the variations
in D at constant ¢ that occur under conditions of high ¢ and
low H, we plot in Fig. 5 the two-dimensional (2D) projec-
tions of instantaneous particle configurations of the confined
HS fluid for H=2.0, 2.4, and 3.0 at ¢=0.40, state points that
show very different dynamical behaviors. We also present
the corresponding density profiles p(z) normal to the walls.
This figure shows well-developed layering structures for
both H=2.0 (two particle layers) and H=3.0 (three particle
layers). However, the system at H=2.4 shows considerably
more packing frustration. In particular, the individual density
peaks are reduced in this case because the spacing is such
that it is “in between” distances that naturally accommodate
either two or three layers. The pore diffusivity is also lowest
for ¢=0.4 at H=2.4 as shown in Fig. 4. Similar oscillations
in D, which are much smaller in magnitude and decay with
increasing H, occur at larger separations with the minima
again coinciding with spacings that do not naturally accom-
modate an integer number of particle layers. In short, for
small enough pores and high enough densities, the frustrated
layering of particles normal to the confining walls signifi-
cantly slows down the single-particle dynamics in the direc-
tion parallel to the walls.

H=20

(o) O
T
I

p(2)

-}

0075150 1 20
V4 Z

1 2 3

Z
FIG. 5. 2D projections of typical instantaneous particle configurations of the
confined HS fluid are shown (top) along with equilibrium density profiles
p(z) (bottom), where z represents the positional coordinate normal to the
walls.
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The trend that increased layering leads to faster dynam-
ics may initially appear counterintuitive, especially if one
tries to understand it by drawing an analogy with the bulk
HS system. In the bulk HS system, compressing the fluid
increases the structural ordelringzg‘29 but reduces the self-
diffusivity. In contrast, as can be clearly seen in Figs. 4 and
5, increased layering in the normal direction (i.e., less uni-
form density profiles) correlates with faster dynamics. How-
ever, these two represent fundamentally different systems un-
dergoing different changes. In the bulk HS system,
increasing the density not only increases the structural order,
but it also reduces the entropy (or average free volume) of
the particles in the fluid. This compression-induced reduction
in free volume is not surprisingly correlated with slower dy-
namics. However, the confined HS system actually maxi-
mizes its entropy (or average free volume) at fixed average
density and H by adopting an inhomogeneous density profile
with pronounced 1ayering.30 Our results show that, for con-
stant p, the values of (small) H that frustrate the ability of the
system to form an integral number of particle layers also
tend to reduce the single-particle mobility in the direction
parallel to the walls. We return to investigate the potential
connection between dynamics and entropy of the confined
HS fluid in the next section.

Another important point concerning the frustration-
induced oscillations in D of Fig. 4 is that they are distinct
from the oscillations in D that occur as a function of H at
constant activity 5.]2’13 The latter are inevitably impacted by
oscillations in average pore density, whereas the average
density is being controlled for (held constant) in Fig. 4. De-
viations from bulk behavior at fixed average density are
purely frustration-induced finite-size effects, and the relative
importance of these types of deviations has been a long-
standing question in the study of confined fluids.”!

Interestingly, if one compares the locations of the oscil-
lations in D vs H at ¢=0.40 in Fig. 4 with the fluid-solid
phase boundary of this system presented by Fortini and
Dijkstra,2 one also finds a strong correlation between slow
dynamics and proximity of the fluid to the phase boundary.
In other words, the same packing frustration that is giving
rise to slow dynamics also appears to ultimately promote the
formation of an ordered solid phase. This argues that the
effect of confinement on the phase diagram of the system can
provide important insights into how confinement impacts
single-particle dynamics. The consequences of this could be
significant for the strategies that are typically employed to
study supercooled and confined liquids. For example, weak
polydispersity is commonly incorporated into model fluid
systems in order to study them under conditions where the
corresponding monatomic fluid would rapidly crystallize. A
cautionary note that follows from the above discussion is that
one should not readily assume that the behaviors of the poly-
disperse and monatomic systems are trivially related, and
that the former only differs from the latter, in that its liquid
state is kinetically accessible over a broader range of condi-
tions. The phase diagrams of polydisperse materials are con-
siderably more complex than monatomic systems (even in
the bulk.*?) Thus, one should expect confinement to impact
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FIG. 6. (Color online) Average density p and self-diffusivity D as a function
of pore size H for the confined HS fluid in equilibrium with the bulk HS
fluid at a given activity & [In £€=0.4, 4.4, and 8.8]. Dashed lines correspond
to the density p, and self-diffusivity D of the bulk HS fluid at the given
activity &.

the dynamics of polydisperse systems in ways that are not
easily relatable to the behavior of the corresponding mon-
atomic fluids.

We now turn our attention to the H-dependent diffusivity
behavior of the confined HS fluid at fixed activity ¢ (i.e., in
chemical equilibrium with the bulk). As can be ascertained
from the strong correspondence between D and p in Fig. 4,
the dynamical behavior at constant & can be largely predicted
in advance if one simply has knowledge of how H influences
p at constant & [e.g., from simulation or the analytical model
of Egs. (10) and (11)]. In Fig. 6, we provide the H-dependent
data along constant & paths for the quantities p and D deter-
mined from GC-TMMC and DMD simulations, respectively.
One initial observation is that p is always less than p, for
finite H, and, as should be expected based on this, D is larger
in the pores than in the equilibrium bulk fluid. Note that this
type of physically intuitive connection between average den-
sity and dynamics would be completely lost, however, if one
instead chooses p, as the definition for average density,
which is significantly greater than p, for finite H. More gen-
erally, the reliability of approximate theories for transport
properties in inhomogeneous fluids could be particularly sen-
sitive to how averaging is handled, which might help to ex-
plain why an earlier kinetic theory13 predicts that confining a
fluid at constant ¢ significantly decreases D, the opposite of
what is seen in the MD simulation data of Fig. 6.

A second observation about the data in Fig. 6 is that
there are negative oscillatory deviations in p (relative to
bulk) with H at high ¢ in small pores, which one might
expect to produce similar positive oscillations in D. How-
ever, the frustration-induced negative deviations from bulk
behavior in the D vs H relationship at constant p shown in
Fig. 4 appear to largely cancel this effect. The net result is
that D is strikingly similar to bulk behavior, even for small
H, along paths of constant (and sufficiently high) &.
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FIG. 7. (Color online) (a) Self-diffusivity D and (b) excess entropy s** as a
function of pore size H for the confined HS fluid at a given pore packing
fraction ¢p=mp/6. Data from top to bottom correspond to ¢=0.15, 0.3, and
0.4. (c) Self-diffusivity D and (d) excess entropy s as a function of pore
size H for the confined HS fluid at a given activity & Data from top to
bottom correspond to In §=0.4, 4.4, and 8.8.

D. Diffusivity and excess entropy

The oscillatory data in Fig. 4 clearly show that average
density alone cannot predict the self-diffusivity of the HS
fluid if the fluid is both dense and confined to a pore smaller
than approximately three diameters. Is there another thermo-
dynamic quantity that can predict diffusivity behavior in
these narrow pores? One promising candidate is the excess
entropy s (relative to ideal gas), which recent DMD
simulations’ demostrate, to an excellent approximation, de-
termines the self-diffusivity of the HS fluid confined between
hard walls for H>3.5. Here, we explore its relationship to
self-diffusivity in smaller pores.

Figure 7 shows the data for D and s** of the confined
fluid collected from our DMD and GC-TMMC simulations
[data at fixed pore packing fraction ¢ provided in panels (a)
and (c), and data at fixed activity & provided in (b) and (d)].
Irrespective of the thermodynamic path, strong qualitative
correspondence is observed between D and s*, including the
“in-phase” oscillations that emerge at small H. In other
words, self-diffusivity and excess entropy appear to be af-
fected in a very similar way by confinement, even for the
Very narrow pores.

To scrutinize the quantitative accuracy of the relation
between the two variables, we also plot all data correspond-
ing to constant pore packing fraction ¢ (filled symbols) and
constant £ (empty symbols) paths in Fig. 8 in the D-5s* plane.
As can be seen, most of the data fall very close to the curve
for the bulk HS fluid, indicating that excess entropy (a static
quantity) can indeed approximately predict the implications
of confinement for self-diffusivity. The largest deviations are
for the fluid that has the highest pore packing fraction of ¢
=04.

These data are yet one more manifestation of a larger
trend seen throughout this paper. Namely, that the confined
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FIG. 8. (Color online) Self-diffusivity D vs negative excess entropy per
particle —s** for the bulk HS fluid (solid curve) and for the HS fluid confined
between smooth hard walls (symbols). The filled symbols correspond to the
confined system at a fixed pore packing fraction ¢ as shown on the legend,
and empty symbols are for system at a given activity & for which bulk
packing fraction is given on the legend.

HS fluid, by measure of many of its average properties, has
behavior very similar to that of the bulk fluid. It changes
character only under a fairly restrictive set of conditions,
when the pore fluid is dense (¢=0.4) and when it is con-
fined to pores smaller than approximately three particle di-
ameters in width.

IV. CONCLUSIONS

In conclusion, we have presented new comprehensive
simulation results for the HS fluid confined between smooth
hard walls. The results elucidate thermodynamic and dy-
namic behavior of this system over a wide range of system
conditions, further clarifying the precise role of confinement
on average fluid properties and the most useful way to define
average density for this system. One perhaps unexpected re-
sult is that, for most conditions, the average behavior of the
confined HS fluid is very similar to that of the bulk fluid.
Frustration-induced finite effects do emerge in this system,
but they are only prominent for very small pores (dimensions
smaller than approximately three particle diameters) and
high fluid densities where the system approaches the
confinement-shifted fluid-solid phase boundary.
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